Abstract. We study the fixed point sets of holomorphic self-maps of a bounded domain in C n . Specifically we investigate the least number of fixed points in general position in the domain that forces any automorphism (or endomorphism) to be the identity. We have discovered that in terms of this number one can give the necessary and sufficient condition for the domain to be biholomorphic to the unit ball. Other theorems and examples generalize and complement previous results in this area, especially the recent work of Jean-Pierre Vigué.
Introduction
The notion of a determining set was introduced earlier in a paper we wrote with our collaborators Steven G. Krantz and Kang-Tae Kim [5] . In that paper we attempted to find a higher-dimensional analog of the following result of classical function theory ( [4] , [17] , [19] , [20] ): if f : M → M is a conformal self-mapping of a plane domain M which fixes three distinct points, then f (ζ) = ζ.
Determining sets have been further investigated in the papers [6] , [12] , [21] , [22] . In [5] we proved the inequality s 0 (D) ≤ n + 1 for many (but not all) bounded domains in C n . In [21] To verify the estimate s 0 (B n ) = n + 1 we need to prove that no n points in B n form a determining set for Aut(B n ). (This was done in [6] ; we repeat it here for completeness.) Consider n arbitrary points (p 0 , p 1 , ..., p n−1 ), where p i ∈ B n for i = 0, ..., n − 1. Consider g ∈ Aut(B n ) such that g(p 0 ) = 0. Now consider n − 1 vectors g(p i ), and the complex linear space π spanned by these vectors. Since dim(π) ≤ n − 1, there is a rotation f ∈ Aut(B n ) that is not the identity and keeps all the points of π fixed. Now the automorphism h = g
is not the identity, and it fixes all n points (p 0 , p 1 , ..., p n−1 ). We proved that W n (B n ) = ∅, so s 0 (B n ) = n + 1. The rest of this section will be devoted to the proof that s 0 (D) = n + 1 implies that D is biholomorphic to the unit ball.
If H is (isomorphic to) a subgroup of the unitary group U (n), let k(H) denote the least number k of vectors u 1 , . . . , u k such that if h ∈ H and if h(u j ) = u j for j = 1, . . . , k, then h = id. For z ∈ D the isotropy group Aut z (D) is isomorphic to the group of its differentials at z, and these differentials are unitary with respect to the Bergman inner product on the tangent space
For each u j , let z j be a point on the geodesic through z in the direction u j , so close to z that the geodesic is the unique length minimizing geodesic from z to z j . Let f be an automorphism
Lemma 1.3. If H is a subgroup of U (2) and if H is not transitive on S
Proof. Let S = S 3 be the unit sphere in C 2 . It suffices to show that the set of fixed points in S of nontrivial elements of H (that is, each of these points is a fixed point of at least one nontrivial element of H) is not equal to S. For g, h ∈ U (2) and x ∈ S, x is a fixed point of h iff g −1 x is a fixed point of g −1 hg. So, without any loss of generality we can replace H with a subgroup of U (2) conjugate to H.
The Lie algebra Q of U (2) consists of skew Hermitian matrices, so it has as a basis the following elements:
Their Lie bracket relations are
If dim H = 4, then H = U (2), which contradicts the hypothesis that H is not transitive on S.
Suppose that dim H = 3. One can verify that the only 3-dimensional Lie subalgebra of Q is spanned by {c, d, a − b}. Hence, the identity component H 0 of H is SU (2), again contradicting the hypothesis that H is not transitive on S. Now suppose that dim H = 2. One can verify directly that U (2) does not have a subgroup of dimension 2 and rank 1. Thus, H has rank 2. Up to conjugation, the identity component
has a nonzero fixed vector, h must satisfy det(h−id) = 0. It follows that if dim H ≤ 2, then the set U of the nontrivial elements of H that have a fixed point on S has dimension ≤ 1, and for each g ∈ U , the set of fixed points of g on S has dimension 1. Thus the set P of fixed points of nontrivial elements of H has dimension ≤ 2. It follows that P = S. Therefore, k(H) ≤ 1.
Lemma 1.4. If H is a subgroup of U (n) with n ≥ 2 and if H is not transitive on
Proof. The case where n = 2 is the previous lemma. Suppose n > 2 and H ⊂ U (n) is not transitive on S 2n−1 . Choose x, y ∈ S 2n−1 so that no element of H maps x to y. Choose z ∈ S 2n−1 orthogonal to both x and y. Let
, and H 1 is a subgroup of U 1 . By the induction hypothesis, since H 1 is not transitive on S 1 , H 1 has a determining set of n − 2 vectors {w 1 , . . . , w n−2 }. It follows that {z, w 1 , . . . , w n−2 } is a determining set for
The proof of our main theorem follows from the following.
Proof. If n = 1 the statement is obviously true.
is not transitive on the directions at z, by the main result of [9] . 
Proof. First we consider the case where q ≤ 1. Let e denote the identity element of G, and let Q = G\{e}. For each g ∈ Q, the set {x ∈ D : Now we assume that q ≥ 2. There must be an orbit Q of G of positive dimension. Let x ∈ Q, and let H := G x be the subgroup of G consisting of elements g satisfying
On topological properties of determining sets

Determining sets W s (D)
are open and dense. Our aim in this section is to prove the following theorem.
Theorem 2.1. Let D be a bounded domain in
The assertion that W s (D) is open and dense in D s was proved for some domains and s ≥ n + 1 in [5] . Using analytic methods of [2] , [3] , J.P. Vigué (see [21] , [22] ) proved that W s (D) is open for all bounded domains and all s, and that it is dense for s ≥ n + 1. By using the Bergman metric on a bounded domain we are able to use differential geometry methods and the Lie group properties (see [11] , [13] , [18] , also [1] , [8] , [16] ) to prove the above general theorem. (x 1 , . . . , x s ) , where x j ∈ D, such that each element g ∈ G satisfying g(x j ) = x j for j = 1, . . . , s has to be the identity.
First we introduce some notation. If G is a subgroup of Aut(D), W s,G (D) denotes the set of s-tuples
We need the following lemma (Theorem 2.4 in [16] ).
Lemma 2.2.
Let Ω be a bounded domain in C n containing the closure of the unit ball, and G a compact Lie subgroup of Aut(Ω). Suppose that each G-orbit lies in a ball of radius 1/2. Then G = {id}.
Lemma 2.3. Suppose that D is a bounded domain in C n and G is a subgroup of Aut(D). Then W 1,G (D) is open in D.
Proof. We need to consider only the case
and there is a sequence of points in D,
Then there is a positive r such that for large enough k the ball with the center in x k and of radius r, b(x k , r) in the Bergman metric compactly lies in U . The assertion that x k / ∈ W 1,G (D) means that the subgroup G x k of G fixing x k is not the identity. This subgroup is a compact Lie subgroup of G, and also acts on b(x k , r) (since the Bergman metric is an invariant metric). Applying (a properly adjusted form of) Lemma 2.2, one concludes that there exists an ε > 0, such that for large enough k one has an automorphism g k ∈ G x k and a point
We now conclude that g(x) = x and that |g(y) − y| ≥ ε. This means that x / ∈ W 1,G (D), which is a contradiction. Therefore b(p, 4r) . Then Q is compact and Q ⊂ W . Let u be a point of Q nearest to z. Then u is also a point of G(w) nearest to z, and R := ρ(z, u) ≤ ρ(z, w) < 2r. Choose a point y on the unique length-minimizing geodesic segment from z to u such that y ∈ K and y = z. For each point x of G(w), we see that
Lemma 2.4. Suppose that D is a bounded domain in
and that the two equalities hold simultaneously only if
Since u ∈ W , the map g must be the identity, contradicting the fact that g is not trivial. Therefore,
Proof of Theorem 2.1. We need to prove this theorem only for 
Now consider pairs of points p j , q j ∈ Ω , p j = (−1.5, 2 −j ), q j = (1.5, 2 −j ), and
Note the following properties: 
We are going to show that for any j the pair (
For any j, there is a holomorphic retraction of B 2 (and therefore of D ⊂ B 2 ) onto ∆ j , and since (p j , q j ) ∈ ∆ j , the pair (p j , q j ) / ∈ W 2 (D). To prove this one needs to first use an automorphism g of B 2 to move ∆ j to ∆ 0 , use the natural projection P of the ball B 2 onto ∆ 0 , and set the needed holomorphic retraction as g
Statement 3. Any holomorphic map F : B 2 → B 2 that fixes our two points p 0 , q 0 will fix all the points of ∆ 0 .
For proof see ( [22] , ex. 1 in sec 4). Now let f : D → D be a holomorphic map that fixes our two points p 0 , q 0 . Its extension F : B 2 → B 2 will be an identity on ∆ 0 . Statement 4. F (l 0 ) = l 0 . Indeed, consider K the Kobayashi ball in B 2 with center at the origin that coincides with the standard unit ball in C 2 . K ∩D consists of nonintersecting connected pieces, only one of which, namely G = K ∩ (b 1 ∪ b 2 ), has a point (0.02, 0) on ∆ 0 as a limit point. Since this point is fixed by F , and F cannot increase the Kobayashi distance, we conclude that
Since it is also true that F ( k) ⊆ k, the only possible image for l 0 under F is the point itself (see property 5 above), so F ( l 0 ) = l 0 .
We now conclude our observation by pointing out that F : B 2 → B 2 has three fixed points, p 0 , q 0 , l 0 . By ( [22] , ex. 1 in sec 4) F is the identity, so f : D → D is the identity, and therefore (p 0 , q 0 ) ∈ W 2 (D). Now the map (z 1 , z 2 ) → (z 1 , ϕ(z 1 )) is a holomorphic retraction of the unit polydisc that has T in its set of fixed points. Therefore T / ∈ W s (∆ 2 ). As a remark we note that by using this idea one can construct many such examples. Moreover the following theorem holds. 
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